Abstract. The article is devoted to phenomena of symmetries and algebras in matrix presentations of the genetic code. The Kronecker family of the genetic matrices is investigated, which is based on the alphabetical matrix [C A; U G], where C, A, U, G are the letters of the genetic alphabet. The matrix P=[C A; U G] in the third Kronecker power is the (8*8)-matrix, which contains 64 triplets. Peculiarities of the degeneracy of the genetic code are reflected in the symmetrical black-and-white mosaic of this genetic (8*8)-matrix of 64 triplets. Phenomena of connections of this mosaic matrix (and many other genetic matrices) with projection operators are revealed. Taking into account an important role of projection operators in quantum mechanics, theory of digital codes, computer science, logic and in many other fields of applied mathematics, we study algebraic properties and biological meanings of these phenomena. Using of notions and formalisms of theory of finite-dimensional vector spaces in bioinformatics and theoretical biology is proposed on the bases of the described results.
Introduction
Atomic and molecular levels of matter obey the laws of quantum mechanics. Molecular systems of the genetic code are also managed by these laws. It is important to search a connection of formalisms of quantum mechanics with ensembles of molecular structures of the genetic code. It is known that special kinds of matrix operators play important role in quantum mechanics. Taking this into account, one of the main problems of matrix genetics is a detecting of a connection between genetic code structures and matrix formalisms of quantum mechanics.
This article is devoted to a description of connections of molecular-genetic systems with a famous notion of matrix projection operators. These connections were revealed by the author in a course of researches in the field of matrix genetics which studies matrix presentations of the genetic code, first of all, Kronecker families of genetic multiplets [Petoukhov, Petoukhov, He, 2009] . This article continues a description of genetic projection operators which was begun in the article (Petoukhov, arXiv:0803.0888, version 3) .
Projection operators are well-known in quantum mechanics, theory of digital codes, computer science, logic and in many other fields of mathematics, mathematical natural sciences and technologies. They are effective tool of mathematical investigations in theory of direct sums of vector spaces, modules, etc. The discovery of their connections with genetic matrices allows transferring relevant ideas and methods of the mathematical sciences into the field of bioinformatics and theoretical biology.
Many properties of projection operators (or projectors, or projections) in linear algebra and functional analysis are described in (Dunford, Schwartz, 1958; Halmos, 1974; Meyer, 2000;  http://en.wikipedia.org/wiki/Projection_%28linear_algebra%29 ).
In these mathematical fields a projection operator is a linear transformation P from a vector space to itself such that P 2 = P. It is idempotent operator and it leaves its image unchanged. This definition of "projection" formalizes and generalizes the idea of graphical projection. A construction of a plane on the base of two coordinate axes is an analogue of a formation of a direct sum. In this simplest case two types of one-dimensional vectors (x) and (y) of coordinate axes exist. Their combination into two-dimensional vector (x,y) with a certain order of components (x) and (y) leads to a construction of a two-dimensional plane as a direct sum of these one-dimensional spaces.
Let W be a vector space. Suppose the subspaces U and V are the range and null space of P respectively. Then we have these basic properties:
1. P is the identity operator I on U: 2. We have a direct sum W = U V. This means that every vector x may be decomposed uniquely in the manner x = u + v, where u is in U and v is in V. The decomposition is given by
The range and kernel of a projection are complementary: P and Q = I − P. The operator Q is also a projection and the range and kernel of P become the kernel and range of Q and vice-versa. We say P is a projection along V onto U (kernel/range) and Q is a projection along U onto V. Decomposition of a vector space into direct sums is not unique in general. Therefore, given a subspace V, in general there are many projections whose range (or kernel) is V. Only 1 and 0 can be an eigenvalues of a projection. The corresponding eigenspaces are the range and kernel of the projection.
Projection operators are a powerful algebraic tool of studying geometric notion of a direct sum (of vector spaces, of modules, etc.). Study of projections is equivalent to the study of expansions in the direct sums. Studies of algebraic concepts of invariants and reducibility can be conducted by means of projection operators (Halmos, 1974, paragraphs 18, 41 and 43) .
Some examples of projections in forms of (n*n)-matrices in multi-dimensional vector spaces are the following:
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Modern science knows many variants (or dialects) of the genetic code, data about which are shown on the NCBI's website http://www.ncbi.nlm.nih.gov/Taxonomy/Utils/wprintgc.cgi. 17 variants (or dialects) of the genetic code exist which differ one from another by some details of correspondences between triplets and objects encoded by them. Most of these dialects (including the so called Standard Code and the Vertebrate Mitochondrial Code) have the following general scheme of their degeneracy where 32 "black" triplets with "strong roots" and 32 "white" triplets with "weak roots" exist.
In this general or basic scheme, the set of 64 triplets contains 16 subfamilies of triplets, every one of which contains 4 triplets with the same two letters on the first positions of each triplet (an example of such subsets is the case of the four triplets CAC, CAA, CAU, CAG with the same two letters CA on their first positions). We shall name such subfamilies as the subfamilies of NN-triplets. In the described basic scheme of degeneracy, the set of these 16 subfamilies of NNtriplets is divided into two equal subsets from the viewpoint of properties of the degeneracy of the code (Figure 1 ). The first subset contains 8 subfamilies of so called "two-position" NNtriplets, a coding value of which is independent of a letter on their third position. An example of such subfamilies is the four triplets CGC, CGA, CGU, CGC (Figure 1 ), all of which encode the same amino acid Arg, though they have different letters on their third position. All members of such subfamilies of NN-triplets are marked by black color in Figures 1 and 2 .
The second subset contains 8 subfamilies of "three-position" NN-triplets, the coding value of which depends on a letter on their third position. An example of such subfamilies in Figure 1 is the four triplets CAC, CAA, CAU, CAC, two of which (CAC, CAU) encode the amino acid His and the other two (CAA, CAG) encode another amino acid Gln. All members of such subfamilies of NN-triplets are marked by white color in Figures 1 and 2 . So the whole set of 64 triplets contains two subsets of 32 black triplets and 32 white triplets.
Here one should recall the work (Rumer, 1968) where a combination of letters on the two first positions of each triplet was named as a "root" of this triplet. A set of 64 triplets contains 16 possible variants of such roots. Taking into account properties of triplets, Rumer has divided the set of 16 possible roots into two subsets with eight roots in each. Roots CC, CU, CG, AC, UC, GC, GU, GG form the first of such octets. They were named by Rumer "strong roots". The other eight roots CA, AA, AU, AG, UA, UU, UG, GA form the second octet and they were named weak roots. When Rumer published his works, the Vertebrate Mitochondrial code and some of the other code dialects were unknown. But one can check easily that the set of 32 black (white) triplets, which we show on Figure 3 for cases of the Standard code and the Vertebrate Mitochondrial Code, is identical to the set of 32 triplets with strong (weak) roots described by Rumer. So, using notions proposed by Rumer, the black triplets can be named as triplets with the strong roots and the white triplets can be named as triplets with the weak roots. Rumer believed that this symmetrical division into two binary-oppositional categories of roots is very important for understanding the nature of the genetic code systems.
One can check easily on the basis of data from the mentioned NCBI's website that the following 11 dialects of the genetic code have the same basic scheme of degeneracy with 32 black triplets and with 32 white triplets: 1) the Standard Code; 2) the Vertebrate Mitochondrial Code; 3) the Yeast Mitochondrial Code; 4) the Mold, Protozoan, and Coelenterate Mitochondrial Code and the Mycoplasma/Spiroplasma Code; 5) the Ciliate, Dasycladacean and Hexamita Nuclear Code; 6) the Euplotid Nuclear Code; 7) the Bacterial and Plant Plastid Code; 8) the Ascidian Mitochondrial Code; 9) the Blepharisma Nuclear Code; 10) the Thraustochytrium Mitochondrial Code; 11) the Chlorophycean Mitochondrial Code. In this article we will consider this basic scheme of the degeneracy which is presented by means of a black-and-white mosaics in a family of genetic matrices ([C A; U G] (3) , etc.) on Figure 2 . One can mentioned that the other 6 dialects of the genetic code have only small differences from the described basic scheme of the degeneracy: the Invertebrate Mitochondrial Code; the Echinoderm and Flatworm Mitochondrial Code; the Alternative Yeast Nuclear Code; the Alternative Flatworm Mitochondrial Code; the Trematode Mitochondrial Code; the Scenedesmus obliquus mitochondrial Code.
According to general traditions, the theory of symmetry studies initially those natural objects which possess the most symmetrical character, and then it constructs a theory for cases of violations of this symmetry in other kindred objects. For this reason one should pay special attention to the Vertebrate Mitochondrial code which is the most symmetrical code among dialects of the genetic code and which corresponds to the basic scheme of the degeneracy. One can mention additionally that some authors consider this dialect not only as the most "perfect" but also as the most ancient dialect (Frank-Kamenetskiy, 1988) , but this last aspect is a debatable one. Figure 1 shows the correspondence between the set of 64 triplets and the set of 20 amino acids with stop-signals (Stop) of protein synthesis in the Standard Code and in the Vertebrate Mitochondrial Code.
THE STANDARD CODE
8 subfamilies of the "two-position NNtriplets" ("black triplets") and the amino acids, which are encoded by them Let us return to studying the genetic matrix [C A; U G] (3) where C, A, G, U (cytosine, adenine, uracil, guanine) are the letters of the genetic alphabet, (3) means the third Kronecker exponentiation (initial researches of such genetic matrices were described in (Petoukhov, 2001a (Petoukhov, , 2006 (Petoukhov, , 2008a Petoukhov, He, 2009 ). This formally constructed matrix contains all 64 triplets in a strong order (Figure 2 , the upper matrix).
The author has revealed an unexpected phenomenological fact of a very symmetrical disposition of black triplets and white triplets in the genomatrix [C A; U G] (3) , which was constructed formally without any mention about amino acids and the degeneracy of the genetic code ( Figure 2 ). In the result this genomatrix has a certain black-and-white mosaic which reflects features of the basic scheme of the degeneracy of the genetic code. One should emphasize that the most of possible variants of dispositions of black triplets and white triplets give quite asymmetric mosaics of halves and quadrants of 8*8-matrices (the total quantity of these variants for 8*8-matrix is equal to huge number 64!=10 89 ). It is unexpected also that any kind of permutation of positions in triplets, which is accomplished in all 64 triplets simultaneously, leads to the transformed genomatrix, which possesses a symmetrical black-and-white mosaic of degeneracy also. The six kinds of sequences of positions in triplets exist: 1-2-3, 2-3-1, 3-1-2, 1-3-2, 2-1-3, 3-2-1. It is obvious that if the positional sequence 1-2-3 in triplets is replaced, for example, by the sequence 2-3-1, the most triplets change their disposition in the genomatrix. In this case the initial genomatrix is reconstructed cardinally into the new mosaic matrix. For instance, in the result of such permutation the black triplet CGA is replaced in its matrix cell by the white triplet GAC, etc. Let us denote the six genomatrices, which correspond to the mentioned kinds of positional sequences in triplets, by the symbols P Each of the other 5 genomatrices on Figure 4 has symmetrical properties also, first of all, the following two properties:
1. The left and right halves of each matrix are mirror-antisymmetric to each other by its colors: any pair of cells, disposed by the mirror-symmetric manner in these halves, has opposite colors. 2. Mosaics of all rows of each (8x8)-genomatrix and of its (4x4)-quadrants have a meanderline character, which is connected with Rademacher functions from theory of digital signal processing. 
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Rademacher functions are described by the expression r n (t) = sign(sin2 n πt), n = 1, 2, 3, ... (here sign is a function of sign of the argument). Sometimes such functions are called "square waves" (http://mathworld.wolfram.com/RademacherFunction.html). Rademacher functions take only two values "+1" and "-1" (Figure 3 ). These functions form an incomplete orthogonal system of functions, each of which is an odd function (that defines the mirror antisymmetry between the left and right halves of genomatrices). Rademacher functions are connected to a complete orthogonal system of Walsh functions and Hadamard matrices and to Gray code also. It seems essential that this connection between the matrix rows (or columns in some cases) and Rademacher functions is a conserved stability in a great number of new genomatrices which are produced by means of positional and alphabetic permutations of genetic elements inside triplets in the initial genomatrix P (Petoukhov, 2006 (Petoukhov, , 2008a Petoukhov, He, 2009 ).
Projection operators and genetic matrices
Taking this fact of the stable connection of the genetic matrices with Rademacher functions into account, let us represent the black-and-white mosaic of each from the mentioned six genomatrices as a binary mosaic of numbers "+1" and "-1" by means of replacing black (white) color of each matrix cell by an element "+1" ("-1"). In such "Rademacher presentation", the genomatrices P 
We will name projector operators, which are based on different kinds of genetic matrices, as "genoprojector operators" (or "genoprojectors"). Concerning to the 8*8-matrices B 123 , B 231 , B 312 , B 132 , B 213 , B 321 (Figure 4) , one can add that their 4*4-quadrants and 2*2-subquadrants are connected in many cases (not in all cases) with projection operators also but with different scaling coefficients. (Figure 8 ) are orthogonal each to other. It is known that in a case of two orthogonal projectors P 1 and P 2 , which satisfy a condition P 1 *P 2 = P 2 *P 1 = 0, their sum P 1 +P 2 is a projector also (Halmos, 1974, paragraph 42) .
One should mention additionally that in the case of the Vertebrate Mitochondrial Code (Figure 1) , which is the most symmetrical among all variants of the genetic codes, all amino acids and stop-codons are disposed phenomenologically in the set of 2*2-subquadrants of the 8*8-genomatrix [C A;U G] One can mention else about a possible genetic meaning of the scaling coefficient 4 which connects the matrices B jkl and Y jkl from the expressions (1). The matrices B jkl satisfy to the following condition: (B jkl ) 2 = 4*B jkl . This mathematical property generates heuristic associations with a famous genetic phenomenon of a tetra-reproduction of gametal cells in a course of meiosis which are carriers of genetic information. One can think that such "tetra-scaling projectors" B jkl can be used in a mathematical simulation of meiosis, etc. The third Kronecker power of each of these alphabetical matrices contains all 64 triplets in an individual order. The phenomenon of the degeneracy of the genetic code generates an individual black-and-white mosaic for every of these 8*8-matrices (in this article we are considering only the basic scheme of the degeneracy of the code with 32 black triplets and 32 white triplets which was described above). Have these new genetic 8*8-matrices a connection with projection operators or not?
The answer is positive: every of these genomatrices [C U; A G] 
, P CUAG 213 , P CUAG 132 which are made by means of the permutation of positions inside triplets (2-3-1, 3-1-2, 3-2-1, 2-1-3, 1-3-2). One can see that a mosaic of every column of these matrices corresponds to one of Rademacher functions (in contrast to the previous case in Figure 2 where each row corresponds to one of Rademacher functions).
By analogy with Rademacher presentations of the genomatrices in Figure 4 , one can study Rademacher presentations of these genomatrices from Figure 9 . In other words, taking into account the fact of the stable connection with Rademacher functions, one can represent the black-and-white mosaic of each from the mentioned six genomatrices (Figure 9 ) as a mosaic of numbers "+1" and "-1" by means of replacing black (white) color of each matrix cell by an element "+1" ("-1"). In such way the genomatrices P By analogy with the expressions (1) 
But what about alphabetic genomatrices with a non-diagonal disposition of complementary pairs C-G and A-U (Figure 11) ? The third Kronecker power of each of such matrices forms a matrix of 64 triplets with an appropriate disposition of 32 black triplets and 32 white triplets. But this black-and-white mosaic in the 8*8-matrix does not correspond to any projection operator in contrast to the case of alphabetical genomatrices with a diagonal disposition of complementary pairs (Figure 8 ).
U G A C Figure 11 . Examples of alphabetical genomatrices with a non-diagonal disposition of complementary pairs C-G and A-U.
About direct sums in biological structures
As we have mentioned in the section 2 of this article, projection operators are a powerful algebraic tool of studying important notion of a direct sum of vector spaces, etc. The Mendel's law on independent inheritance of traits allows thinking about every biological organism as a direct sum of such traits (in a frame of biological meanings of such inherited traits). The notion of direct sums can be used to study not only genetic sequences but also many natural and artificial systems which every person meets systematically: linguistic texts, musical compositions, architectural creations, etc. The described knowledge about genetic projection operators, which are used by nature in information bases of living matter, can lead to new "genetic" approaches and methods in fields of analysis and algorithmic constructions of such natural and artificial systems. For example, on this way some famous ideas about structural connections between different oral languages and genetic languages which were put forward in works (Jacob, 1974 (Jacob, , 1977 Jacobson, 1977 Jacobson, , 1987 Jacobson, , 1999 etc) can take new evidences; these ideas were discussed in a relation with matrix genetics in books (Petoukhov, 2008; Petoukhov, He, 2009) .
Let us try to explain some thoughts, which arise here, by means of an example of musical compositions. People compose and listen to the music since ancient times. More than 30 thousand years ago, long before the appearance of arithmetic, our ancestors have played on stone flutes and on bone harps. Infants from the age of four months turned to the source of pleasant sounds (consonances) and turn away from unpleasant (dissonance). At the same time the human brain has not a specialized center for music, love for music can be assumed dispersed throughout the body (Weinberger, 2004) . Many facts testify that musical feelings are based in some aspects on genetic mechanisms. Aristotle tried to understand how musical compositions (which contain only sounds) resemble the state of the soul. Leibniz considered the music as the unconscious exercise of soul in mathematics.
For a musical melody as a sequence of notes, a ratio of frequencies of its neighboring notes is important, but not the absolute values of the frequencies of individual notes. Related to this is that the melody is recognized, no matter in which the acoustic frequency range it is reproduced, for example, whether this melody is sung by male bass or by high-pitched voice of a woman or child. Concerning to durations of musical sounds, musical compositions use a certain set of relative durations which are named as "whole notes", "half notes", "quarter notes", "eighth notes", "sixteenth notes", "thirty-second note", "sixty-fourth notes".
Each monochromatic sound of a musical composition has its frequency (or its ratio to a basic frequency) and its relative duration. Such sound can be defined as a two-dimensional vector of a two-dimensional space which is a direct sum of two one-dimensional spaces (they play a role of coordinate axes of the plane): the one-dimensional space of relative frequencies and the one-dimensional space of relative durations of musical sounds. Let us take that "k" means a number of a musical sound in a sound sequence of the musical composition, a onedimensional vector (f k ) means a relative frequency of this sound and a one-dimensional vector (t k ) means its relative duration. Then the first sound of the musical composition can be represented as a two-dimensional vector (f 0 , t 0 ) on the base of the notion of a direct sum of vector spaces (in this example such order of components is used: f k stays before t k ).
Correspondingly the first four sounds of a musical composition can be represented as a 8-dimensional vector X 0 = (f 0 , t 0 , f 1 , t 1 , f 2 , t 2 , f 3 , t 3 ). The vector X 0 belongs to a 8-dimensional space which is a direct sum of the four two-dimensional spaces which contain vectors (f 0 , t 0 ), (f 1 , t 1 ), (f 2 , t 2 ), (f 3 , t 3 ). The next four musical sounds define a next 8-dimensional vector X 1 = (f 4 , t 4 , f 5 , t 5 , f 6 , t 6 , f 7 , t 7 ), etc. The whole musical composition can be represented as a sequence of such 8-dimensional vectors. Of course, the whole musical composition, which contains "n" sounds, can be represented also as a direct sum of "n" two-dimensional spaces of its separate sounds (f 0 , t 0 , f 1 , t 1 , ….., f n , t n ) but we propose to pay a special attention to the case of 8-dimensional spaces which are connected with described (8*8)-genomatrices of 64 triplets.
In these "musical" vectors X 0 = (f 0 , t 0 , f 1 , t 1 , f 2 , t 2 , f 3 , t 3 ), X 1 = (f 4 , t 4 , f 5 , t 5 , f 6 , t 6 , f 7 , t 7 ), etc., relative frequencies f k of musical sounds occupy positions with even numbers k = 0, 2, 4, 6 and relative durations t k occupy positions with odd numbers k = 1, 3, 5, 7. Matrix genetics has revealed a connection of the genetic code with projection operators which transform the 8-dimensional vectors X 0 , X 1 , etc. into vectors where f k and t k are separated each from other. The speech is that some kinds of genoprojectors exist (see their examples f 0 and m 1 in Figure 12 ) which were revealed early in a course of studying a phenomenology of genetic Yin-Yang algebras (or bipolar algebras) and which transform an arbitrary 8-dimensional vector X=[x 0 ; x 1 ; x 2 ; x 3 ; x 4 ; x 5 ; x 6 ; x 7 ] into new vectors Z k where only even or odd components of the vector X are presented separately. For example, f 0 *X = Z 0 = [x0; x0; x2; x2; x4; x4; x6; x6] and m 1 *X= Z1=[x1; x1; x3; x3; x5; x5; x7; x7]. Figure 12 . Genetic projectors f 0 and m 1 from the genetic Yin-Yang algebra (or bipolar algebra) YY 8 which were described in our works (Petoukhov, arXiv:0803.3330 and arXiv:0805.4692; Petoukhov, He, 2009 ).
The knowledge about genetic projectors, about mathematical formalisms of vector spaces and about ideas of direct sums gives new approaches for analyzing and for algorithmic synthesis of musical compositions.
About other variants of genetic projectors
The described facts about close connections between projection operators and matrix presentations of the genetic code have put forward a task of a systematic study of all possible variants of genetic projectors which are based on matrix presentations of different characteristics of molecular ensembles of genetic systems. In this article we present only some of genetic projectors from their collection which is studied now.
Some examples of genetic projectors exist in a set of genetic bipolar algebras (Petoukhov, arXiv:0803.3330 and arXiv:0805.4692; Petoukhov, 2008; Petoukhov, He, 2009) where different matrix presentations of quasi-real units f 0 and m 1 satisfy the condition f 0 2 =f 0 and m 1 2 =m 1 . In addition, quasi-real units of genetic bipolar algebras, which were constructed in a relation with a genetic matrix proposed by J. Kappraff and G.Adamson (Kappraff, Adamson, 2009; Kappraff, Petoukhov, 2009) , are genoprojectors also.
Another kind of examples is connected with a presentation of oppositional complementary pairs C-G and A-U by means of oppositional signs: C=G=+1 and A=U=-1. Taking these numeric presentations of the genetic letters into account, one can present each triplet as a relevant product of these numbers "+1" and "-1". For instance in this numeric presentation the triplet CAG is equal to 1*(-1)*1=-1. Correspondingly the symbolic genomatrix of 64 triplets [C A; U G] 
in the case of numeric presentations C=G=+1 and A=U=-1.
This genoprojector Z possesses interesting properties relative to 8-dimensional vectors, components of which form a sequence with uniform changes like the vector V=[x; x+y; x+2*y; x+3*y; x+4*y; x+5*y; x+6*y; x+7*y]. The action of genoprojector Z on the vector V leads to a vector with zero components: Z*V=[0;0;0;0;0;0;0;0]. The action of the complementary genoprojector (E-Z) on the same vector V does not change it: (E-Z)*V=V (here E is identity matrix). Components x, x+y, etc. of the vector V can be not only numbers but symbols also (letters, words, etc.)
Conclusion remarks
The Mendel's law of independent inheritance of traits demonstrates that moleculargenetic information at micro-levels defines traits on macro-levels of biological bodies. It testifies that biological organisms are some combinatorial algorithmic machines. Matrix genetics aims to reveal secrets of these algorithmic bio-machines.
Discrete character of the genetic code shows that genetic informatics is based on principles of combinatorics. Our discovery of close connections of projection operators with matrix presentation of structural phenomena of the genetic code clarifies that genetic combinatorics can be interpreted as a combinatorics of finite-dimensional discrete vector spaces. We propose using formalisms of genetic projectors and direct sums to study biological phenomena which are connected with genetic systems. The phenomenological facts of unexpected relations of genetic structures with special classes of projection operators, Hadamard matrices, Rademacher functions, etc. testify that the genetic code is an algebraic code in its nature. The results of matrix genetics allow developing new methods in bioinformatics and in applied fields of genetic algorithms. They are important also for developing algebraic biology, theoretical biology and for some other scientific and cultural fields which are related with genetic code systems.
